Quantum network coding for quantum repeaters 
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This paper considers quantum network coding, which is a recent technique that enables quantum 
information to be sent on complex networks at higher rates than by using straightforward routing 
strategies. Kobayashi et al. have recently showed the potential of this technique by demonstrating 
how any classical network coding protocol gives rise to a quantum network coding protocol. They 
nevertheless primarily focused on an abstract model, in which quantum resource such as quantum 
registers can be freely introduced at each node. In this work, we present a protocol for quantum 
network coding under weaker (and more practical) assumptions: our new protocol works even for 
quantum networks where adjacent nodes initially share one EPR-pair but cannot add any quantum 
registers or send any quantum information. A typically example of networks satisfying this assump- 
tion is quantum repeater networks, which are promising candidates for the implementation of large 
scale quantum networks. Our results thus show, for the first time, that quantum network coding 
techniques can increase the transmission rate in such quantum networks as well. 
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I. INTRODUCTION 

Quantum communications hold potentialities which 
are qualitatively different from classical communications. 
For example, quantum key distribution (QKD) provides 
shared, secret bits (useful for classical cryptography) 
whose secrecy does not depend on the presumed difficulty 
of factoring large numbers or other number-theoretic 
problems, as the commonly-used Diffic-Hcllman key ex- 
change protocol does. 

Urban scale and complex topology QKD networks have 
already been constructed experimentally [l|, |2j. However, 
it is still difficult to realize long distance quantum com- 
munication. Quantum repeaters 0, H| are a potential 
approach for dealing with this problem. Quantum re- 
peaters have three important functions: the first is the 
basic physical creation of entanglement over long dis- 
tances, the second is management of imperfections in the 
created quantum states (e.g., purification 043 or recent 
works using error correction different from purification 
[8l-tTo|). and the third is extending entanglement from 
the endpoints of a single channel to distant nodes in a 
topologi cally complex network (e.g., entanglement swap- 
ping P0). 

In quantum repeater networks, EPR-pairs are con- 
sumed as a source of quantum communication and re- 
quire a high cost for sharing and conservation. The com- 
munication capacity of a quantum repeater network is 
limited by the maximum number of qubits the quantum 
repeater can store and operate on at one time. Hence, in 
the future, large and complex quantum repeater networks 
will be confronted with the bottleneck problem caused by 
shortage of quantum resources. 
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FIG. 1. The butterfly network and a classical coding protocol. 
Source nodes (si and S2) have for input bits X and Y. The 
task is to send simultaneously bit X from si to ti and bit 
Y from S2 to ti- This task is implemented by using a XOR 
operation at relay node r\ and target nodes (ti and t2)- Note 
this task cannot be solved by using routing. 



Meanwhile, large scale classical networks such as the 
Internet have continued to increase their communication 
volume, and also have the bandwidth bottleneck prob- 
lem. To address this problem, classical network coding 
[l4| is drawing attention. One of the most useful ap- 
plications of this method is throughput enhancement for 
certain traffic patterns: network coding is able to achieve 
higher throughput than independent forwarding of every 
data packet, by active encoding of the packets at inter- 
mediate nodes. We show an example of multiple-unicast 
transmission over the directed butterfly network by using 
this technique in Fig. [T] 

Recently, researchers expanded network coding to in- 
clude quantum information and showed that net- 
work coding using quantum information is available with- 
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out infringement of the non-cloning theorem (which for- 
bids duplication of an unknown quantum state). After 
that, fl9M2ll j proved that, for any graph, quantum per- 
fect network coding is feasible, if free classical channels 
are available, whenever classical network coding is pos- 
sible. But these later works do not consider concrete 
implementation issues and, especially, assume the avail- 
ability of additional quantum resources such as quantum 
registers at each node of the network. Implementation 
is nevertheless a fundamental problem. Indeed, in order 
to be able to use network coding on real quantum net- 
works, the amount of quantum resources required by the 
protocol need to be minimized. 

In this work, we study quantum network coding for 
practical quantum networks where adjacent nodes ini- 
tially share one EPR-pair but cannot add any quan- 
tum registers or send any quantum information. Typ- 
ical examples are the quantum repeater networks dis- 
cussed above. Since this setting forbids the introduction 
of quantum registers, the methods from [l9l - |2~i| cannot 
be applied directly. Our results nevertheless demonstrate 
that quantum network coding can be realized in this 
model as well and are, to the best of our knowledge, the 
first application of network coding to increase the trans- 
mission rate in quantum repeater networks. This may 
become an effective countermeasure against communica- 
tion congestion in quantum repeater networks. 

Our results are obtained by constructing a version of 
the protocol in |2l[ that does not require the introduction 
of any quantum register. This is non-trivial and requires 
new ideas. The key idea is to convert, using only local 
operations and classical communication, the EPR-pairs 
between adjacent nodes into appropriate entangled states 
of higher dimension shared between distant nodes. To do 
this, we introduce two new techniques inspired by quan- 
tum teleportation 22| and one-way quantum computa- 
tion [23J, which we call "Connection" and "Removal", 
that enable us to manipulate such entangled states and 
systematize the methods of encoding. 



written as \ip) = J2xe{o 1}" a x\x), where a x are complex 
numbers such that J2 X £{o i}"\ a x\ 2 = 1- 

In this paper, we will use the Pauli operators ax and 
o z and the Hadamard operator, which are the following 
single qubit transformations: 

( t x :=|1)(0| + |0)(1|, 
o z :=|0)<0|-|1)(1|, 



if:=- 7 =(|0)(0| + |l)(0| + |0)(l|-|l)(l|). 



We denote by 



the Hadamard basis: 



\+)=H\0) = -= (|0) + |1)), 
V 2 

|-) = #|i> = i(|o>-|i»- 

We will also use the Control-NOT gate, which is the 
following two qubits transformation. 

cnot (a,b) := |0>a|0>b<0U<0|b + \0)a\1)b(0\a(1\b 
+ |1)a|1M1U(0| b + |1)a|0) b (1U(1|b. 

We denote by |vE r+ ) and |$ + ) the following two qubits 
state (EPR-pairs): 

|*+) = j= (|oo> + |ii)) , |$+> = j= (|oi) + no)) , 

and by \GHZ) the following three qubits state: 
|GffZ) = -L(|000) + |lll)). 



B. Quantum repeater network 



II. PRELIMINARIES 

A. Notations 

We suppose that the reader is familiar with the ba- 
sics of quantum information theory and refer to [24{ for 
a good reference. In classical information science, the 
fundamental unit of information is described as a binary 
digit (bit). In the case of quantum information, a quan- 
tum bit (qubit) is the equivalent of a bit. A qubit is ex- 
pressed as a superposition of two orthonormal quantum 
states |0) and |1) with amplitudes a and /3 as follows: 

fof)=a|0)+j8|l), 

where a and /3 are complex number satisfying \a\ 2 + 
|/3 1 2 = 1. A general quantum state of n qubits can be 



We define a quantum repeater network as a network 
consisting of a number of quantum repeaters, undirected 
classical channels and EPR-pairs (each pair of adja- 
cent quantum repeaters shares one EPR-pair). We show 
an example of network with three quantum repeaters in 

Pig. El 

On the network of Fig. [2] quantum communications 
are possible between adjacent repeaters (s-r and r-t) 
by teleportation using shared EPR-pairs. Furthermore, 
quantum communication between the non-adjacent re- 
peaters s and t is possible by applying entanglement 
swapping (the relay repeater r converts the two EPR- 
pairs \V + )aB ® |* + )CD 

to one EPR-pair |^E' + )ad)- In 
this way, each repeater performs quantum communica- 
tion by EPR-pairs and LOCC on this network. 

The present paper will show that, for specific networks, 
network coding can achieve a better throughput than this 
simple entanglement swapping strategy. 
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EPR-pair Quantum repeater 




Classical channel (free, undirected) 

FIG. 2. An example of quantum repeater network. There 
are three quantum repeaters (s, r and t), two free classical 
channels and two EPR-pairs |*1/ + )as and \9 + )cd between 
s-r and r-t, respectively. 
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FIG. 3. The setting for our protocol. After the excution of the 
protocol, si and ti (similarly, S2 and ti) share one EPR-pair 
and are then able to perform quantum teleportation. 



III. QUANTUM REPEATER NETWORK 
CODING 

We present the setting for our protocol in Fig. |3] The 
goal of this work is to simultaneous send quantum in- 
formation between two pairs of repeaters ((si,ti) and 
( s 2,^2)) located diagonally on a butterfly quantum re- 
peaters network. For this purpose, we construct a proto- 
col for quantum repeater network coding that generates 
EPR-pairs \^ + )af and \^ + )be by using only LOCC and 
shared EPR-pairs between adjacent quantum repeaters. 
Simultaneous quantum communication between (si,t\) 
and (s2,<2) can then by achieved by teleportation using 
these EPR-pairs. 

We cannot generate these EPR-pairs simultaneously 
by using only entanglement swapping [n], [l2j because of 
the constitution of this network. Moreover, we cannot 
apply existing quantum network coding methods ((2lj) 
directly because these methods require the introduction 
of intermediate quantum registers, which is not possible 
in our model of quantum repeater networks. In this work, 
we construct a protocol for sharing EPR-pairs without 
additional quantum registers. 

In subsection A and B we first show two new tech- 
niques. In subsection C we give an overview of our pro- 
tocol. In subsection D we present a preliminary protocol. 
In subsection E we give the final version of our protocol. 



TABLE I. Cong^ >T 

C and R are 1-qubit registers owned by u. 

T is a 1-qubit register owned by v. 
Step 1. u applies CNOT {c ' R) . 

Step 2. u measures R in the {|0), jl)} basis. 

Let a £ {0, 1} be the outcome. 
Step 3. u sends a to v by a classical channel. 

Step 4. If a — 1 then v applies ax to T 



A. Technique 1: Connection 

Our first technique is called Connection. Connection 
is a non-unitary operation between two repeaters (u and 
v, respectively). Repeater u has Control and Resource 
qubits (C and R, respectively). Repeater v has a Tar- 
get qubit (T). We show the procedure for Connection 
as Table |TJ This technique corresponds to sending one 
bit in the original classical network coding scheme and is 
utilizing the basis manipulation method of quantum tele- 
portation [22[. The following lemma shows the action of 
Connection. 

Lemma 1. Let \^i n it) be a state of the form 

|*i»«> = HVo)|0) c + P\1>i)\l)c) ® I* + )kt <8 I*), 

where a 2 + f3 2 — 1 and \ipo)> l^i) an d I*) are arbitrary 
quantum states. Then the state after applying Con fl _ >T 
to \^init) is 

\V final) = (a|^)|00>CT+Wl>|ll)oT)®|*>, 

where register R can be disregarded. 

Proof. At step 1, we apply CNOT^ C ' R \ The state be- 
comes 

|*i) - a|Vo)|0)c ® \* + }rt ® 1$) 

+0|Vi)|i)c® |* + )«r®|s). 

At step 2, we measure R. When a = the state becomes 

|* 2 ) = (a|Vo)|00)cT + /3|^i)|H)cT)® |$), 
and when a = 1 the state becomes 

1*2') = (a|^)|01>OT + ^|Vi>|10)or)® |«), 

where register R has been disregarded since it is not en- 
tangled anymore. At step 4, if a = 1 then we apply ax 
to T. The state becomes 

|*3) = (a|V'o)|00)cT + /?|V>i)|H)ct) ® |$) = \* final}- 

□ 

For example, Lemma[T]shows that applying Corip_ >c 
to two EPR-pairs 

\%nit) = \^ + )AB ® \"f + )cD 
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FIG. 4. The quantum circuit for getting GHZ-states from two 
EPR-pairs by Connection. 
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Here, |^ 3 ) = c|0) + ^l). 



TABLE II. Fanoutg 1 _ >Tljfl2 _ >T2 

C, iii and R2 are 1-qubit registers owned by u. 

Ti is a 1-qubit register owned by v. 

T2 is a 1-qubit register owned by w. 
Step 1. u and « apply Con§ >T . 
Step 2. it and w apply Con§ _ >T . 



gives one GHZ-state: 

|*/t»oi) = \GHZ) A BD- 

We show the corresponding quantum circuit in Fig. 01 

We now show two variants of the above Connection op- 
eration. The first variant is "multiple resource and tar- 
get qubits" Connection and called Connection:Fanout (or 
Fanout). We show the procedure for Connection:Fanout 
as table [TTl 

Note that applying Fanout^ >Ti fl 2 _>T 2 is equiva- 
lent to applying Coiijj >r and then Con^. 3 _ >T2 . We 
can derive the following lemma. 

Lemma 2. Let \^i n it) be a state of the form 

\*inu) = (a\ip o )\0) A + /3|^i)|1)a) \^ + )bc\^ + )de <8 |$), 

where a 2 + /3 2 = 1 and \ipo), \ipi) cind |$) are ar- 
bitrary quantum states. Then the state after applying 
FanoutB_ >c ,_D->£; to |* inii ) is 

\* final) = (a\fo)\000)ACE+P\lh.)\lll)ACE)®\*), 

where registers B and D can be disregarded. 

Proof. At step 1, we apply Con^_ >c to \^i n it)- From 
Lemma [I] the state becomes 

|*i> = (a\^o)\00)Ac + P\ih)\U)Ac) \V + )de ® |$), 

where register B has been disregarded since it is not en- 
tangled anymore. At step 2, we apply Con^_ >£ to \^\). 
From Lemma [TJ the state becomes 

|*2) = (a\lPo}\000}ACE + !3\i>l}\lll)ACE)®\$) 
= \^ final), 



FIG. 5. The circuit for Connection:Fanout. 



TABLE III. Add£_>T 

Cr, C2 and R are 1-qubit registers owned by u. 

T is a 1-qubit registers owned by v. 
Step 1. u applies CNOT (Cl ' R) . 
Step 2. u and v apply Con c ^_ >T . 



where register D has been disregarded since it is not en- 
tangled anymore. □ 

For example, Lemma [2] shows that applying 
Fanout£_ >c , D _ >B to 

\%nit) = (a\0) A + P\1U) \* + )bc\* + )dE 

gives the following quantum state: 

\^ final) = a\000) A CE + P\1U) ACE- 

We show the corresponding circuit in Fig. [5] 

The next variant is "multiple control qubits" Connec- 
tion and called Connection: Add (or Add) . We show the 
procedure for ConnectiomAdd as Table IIII1 and prove 
the following lemma. 

Lemma 3. Let \^in%t) be a state of the form 

\%mt) = (ahfo)|O) A +0|^i)|l>A) 

®(7|0o)|O)b + <$|0i)|1)b)|* + )cd ® m, 

where a 2 + 1 = ■y 2 + S 2 = 1 and \ipo), \ipi), \4>o), \<Pi) 
and |$) are arbitrary quantum states. Then the state 
after applying Add^'^^ to \^>i n it) is 

\*final) = ({a^ o )\M\00)AB +1361^)1^)111) ab )\0)d 
+ (aS\^ Q )\<f>i)\0l)AB + Pi\A)\M\10)ab)\1)d)\^). 

where register C can be disregarded. 
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Add£ 




Here, |&) = a\Q)+J3\l),\&) = v\0) + S\l). 

FIG. 6. The circuit for Connection:Add. 

Proof. At step 1, we apply CNOT^^. The state be- 
comes 

= (or|^D>]0>A (tI^o)|0>b + tf|^i>|l>s) O \y + )c D 
+ P\ipi)\l) A (7l^o)|0> s +6\<j> 1 )\l) B ) ® |$+)cd)|*). 

From Lemma [T] the final state: 

|* 4 > = ((a7|^ o )|0o)|OO) A B+^|^i)|^i)|ll)AB)|O)o 
+ (a5|^o}ki>|Ol}AB + ^7l^i>l0o}|lO>AB)|l>D)|$) 

= |*/mai)- 

where register C has been disregarded since it is not en- 
tangled anymore. □ 

For example, Lemma[3]shows that applying Add^'^ >D 

to 

|*«ii> - (a\0) A + P\1)a) ® (7|0)s + 6\1) B ) \^ + )cd 
gives the following quantum state: 

|* final) = (aj\00) AB + /35\U) AB )\0) D 

+ (aS\01) AB +/3 1 \10) AB )\l) D . 
We show the corresponding circuit in Fig. [51 

B. Technique 2: Removal 

Our second technique is called Removal. Removal is 
a non-unitary operation between two repeaters (u and 
v, respectively) which deletes a resource qubit (R) of a 
quantum state using measurement in the Hadamard ba- 
sis and o~z- The procedure for Removal is shown as Ta- 
ble IIVI This technique is inspired by the qubit removal 
method using pauli measurements in one-way quantum 
computing [231 ] (e.g., qubit removal from the graph states 
by using a Z basis) measurement). The following lemma 
shows the action of Removal. 



TABLE IV. Rem fl _ >T 

R is a 1-qubit register owned by u. 

T is a 1-qubit register owned by v. 
Step 1. u applies the Hadamard gate to R. 

Step 2. u measures R in {|0), |1)} basis. 

Let a G {0, 1} be the outcome. 
Step 3. v sends a to v by classical channel. 

Step 4. If a — 1 then repeater v applies az to T 



Lemma 4. Let \^init) be a state of the form 

\%nit) = (a\00) AB \ip oo ) + P\H) AB \^u)) ® |$), 

where \a\ 2 + \f3\ 2 = 1, and \ipoo), l^n); 1^) are arbitrary 
quantum states. Then by applying Hem A >B on \^i n it), 
we obtain the state 

\^ final) = (a|O) B |VW+0|l>BhM)® |$>. 

where register C can be disregarded. 

Proof. At step 1, we apply the Hadamard gate to A. The 
state becomes 

= (a\+0) AB \^ 00 ) + P\-1) A ,b\^i)) ® 

At step 2, we measure A. After this step, when a = 
the state is 

|*a> = (a|0) fl |Vbo> + 0|l>i#n» ® l*>, 
and when a = 1 the state is 

1*2') - (a|0) s |Voo> ~ /?|1)b|^ii)) ® I*), 

where register A can be disregarded since it is not entan- 
gled anymore. At step 4, if a = 1 then we apply az to 
T. The state becomes 

|* 4 ) = (a|0)fl|^oo) +/3|l)shM) ® |$) - |*/w). □ 

Lemma 2] shows that Removal is able to "delete" the 
target qubit used in a Connection operation (compare 
with Lemma [I}. For instance, by applying RemA->B 
on the GHZ-state 

|*in«) = \GHZ) ABC , 
we obtain the EPR-pair 

\V final) = |* + )sc- 
The corresponding circuit is shown in Fig. [71 

We now present a variant of Rem that will delete the 
target qubit used in ConnectiomAdd operation. We call 
this operation RemovahAdd (RemAdd) and show the 
procedure as Table IVl We can derive the following lemma. 
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FIG. 7. The circuit for Removal. 



TABLE V. RemAddji_ >riiT2 



hp, 



7? is a 1-qubit register owned by u. 

T\ is a 1-qubit register owned by v. 

T2 is a 1-qubit register owned by w. 
Step 1. Repeater it applies the Hadamard gate to R. 
Step 2. u measures R in {|0), |1)} basis. 

Let a be the outcome. 
Step 3. v sends a £ {0, 1} to v and w by classical channel. 
Step 4. If a = 1 then repeater v and u> applies ctz 

to Ti and T 2 



Lemma 5. Le£ I^E^t) &e a state of the form 

\®init) = I a ^)AB\i@j)c\^j) \ ® I*), 

\i,i=0 / 

where ^2n j\cnj\ 2 = lj iV'ij); I*) are arbitrary quan- 
tum states. Then by applying RemAddc ->a,b, we 06- 
iam i/ie state 




final) 



where register C can be disregarded. 

Proof. At step 1, we apply the Hadamard gate to C . The 
state becomes 

I* 1) = (l+)c ® (aoolOO)AslV'oo) + ou|11)ab|^ii)) 

+|->o® (aoi|01)As|Voi)+aio|10)AB|V'io)))®|*)- 
At step 2, we measure C. When a = the state becomes 

1*2) = ((aoo|00) A B|^oo) + a u |ll)As|Vii>) 

+(a O i|01)AB|V'oi) + aio|10)AB|Vio))) ® |*), 
and when a = 1 the state becomes 

1*2') = ((oqo|00>ab|^oo> + o u |11)ab|^ii)) 

-(ooi|01)ab|^Oi) + a w \\Q) AB \^w))) ® |$), 

where register C can be disregarded since it is not entan- 
gled anymore. At step 4, if a = 1 then we apply to A 
and B. The state becomes 

1*4) = (j2 a ^ AB ^) l $ > = \* final)- □ 
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Here. |^} = «|0}+/?|l},|A) = ?10) + ( y|l}. 

FIG. 8. The circuit for RemovabAdd. 

For example, Lemma [5] shows that applying 
RemAddc_>A,B to 

|*in«> = {aj\00) AB + P6\U)ab) |0)c 
+ (aS\01) A B+Pj\lO)AB)\l)c 

gives the following quantum state: 

\* final) = {a\0) A +(3\l) A )® (i\0)b+5\1) b ). 
The corresponding circuit is shown in Fig. |SJ 

C. Overview of our encoding protocol 

We now give an overview of our protocol for the but- 
terfly quantum repeater network of Fig. [3] We will give 
a complete description of our protocol in subsections D 
and E. 

The first half of our protocol simulates the classical 
strategy of Fig. [TJ For this purpose, each repeater ap- 
plies Add or Fanout operations. We show the corre- 
spondence between classical and quantum operations in 
Fig. [§] Applying Add^ D >F to 

\%nit) = \^ + ) A b ® \y + )cD 8 \V + )ef 
gives the following quantum state: 

\*final) = ^(\0000) A BCD + \UU) ABCd) ® |0>F 

+ ^{\U00) A BCD + \1100) Ab cd) ® |1>F- 

Thus Add F ' D >F corresponds to the classical parity op- 
eration (computing the parity of B and D into register 
F). Applying Fanoutc_>. D ,. E _> F to 



) A B ® \^ + )cD 



I EF 



gives the following quantum state: 



1 



\V final) = ^=(|0000) A BDF + |H11)aBDf). 
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Classical network 



Quantum repeater network 
( Input ) ( Output ) 




Pantv 




(a) Classical parity and quantum add operation. 
Classical network Quantum, repeater network 

( Input ) ( Output ) 




Fanout 




(b) Classical and quantum fanout operation. 

FIG. 9. The correspondence between classical and quantum 
coding. 



Fanout c _ >I? E _ >F corresponds to the classical fanout 
operation (copying B into registers D and F). 

The second half of our protocol will delete redundant 
registers by Rem and RemAdd operations. 

A difficulty is that this correspondence of Fig. [9] cannot 
be used for the encoding performed at the sender nodes 
because the sender nodes have no control qubit (i.e., the 
sender nodes have no incoming edges). To deal with this, 
we will introduce additional registers as control qubits 
and describe quantum repeater network coding proto- 
col for this setting in subsection D. We will then show 
that our protocol can work without additional registers 
in subsection E. 



D. Encoding with additional registers 

In this subsection we assume that s\ has an additional 
register A' with state |+)a' and Si has an additional 
register E' with state |+).E'. The registers A' and E' 
will be used as control qubits for the Fanout operations 
performed by the senders. We present our procedure as 
Table I VII and show below the evolution of the quantum 
state of the system. 

The input state is 



l*o) = 



\+)a'\^ + )ab\^ + )cd\+)e'\^ + )ef\^ + 



GH 
UN- 



TABLE VI. Encoding 



Step 1. si and r± apply Fanout^_ >s c->Di 
S2 and ri apply Fanoutf _ >F q_ >h . 

Step 2. r\ and r-z apply Addj^ >7 . 

Step 3. r-2, ti and £2 apply Fanout^„ >L M _ >JV . 

Step 4. t x applies CNOT (JV ' F) , t 2 applies CNOT (L ' B) . 

Step 5. t2 and T2 apply Rem_t_>j, 
ti and r 2 apply Remjv->.j. 

Step 6. r2 and ri apply RemAdd./_>_D i j/. 

Step 7. ri and si apply Rem D _ >/ i/, 
ri and S2 apply Remjj_ >B /. 



At step 1, si and ti apply Connection:Fanout. (si and 
ti do the same.) From Lemma [U the state becomes 

|*0 = \GHZ) a , bd \GHZ) e , fh \^ + ) ij \^ + ) kl \^ + )mn- 

At step 2, ri and ri apply Connection:Add. From 
Lemma El the state becomes 



|*2> - 2 (\° 0000 °)a>bde>fh 



(\000^) A'BDE'FH 



\UUUU>bde>fh)\0)j 

^ + )kl\^ + )uN 

imooo) A , BDE , FH ) |i}, 

®\^ + )kl\^ + )mN- 



At step 3, r2, ti and ti apply Connection:Fanout. From 
Lemma [H The state becomes 

1*3) = 5 (1000000) 

A'BDE'FH + |llllH)A'BDB'Fi?) 



<g>|000) 



JLN 



+ l - {\mmi) A , BDE , FH + \mooo) A , BDE , FH ) 

<E)\m) JLN . 

At step 4, t\ and ti aplly C-NOT. The state becomes 

1*4) = \ ( 1000000) A , BDE , FH + 1111111)™™) 



-- (|010101) A , BD . B , FB 



®\000) jln 
\WWW) A , BDE , FH ) 
Ollll) 



' JLN ■ 



At step 5, t\ and ti delete redundant registers N and 
F using Removal. From Lemma |4l the state becomes 

1*5) = ^ (loooooo) 

A'BDE'FH + \mm)A'BDE'FH) |0)j 

+~ (|010101) A , SBB , FB + |101010) A , Bi ^, Fif ) \l)j . 

At step 6, r 2 deletes the redundant register J using 
Removal: Add. From Lemma [SJ the state becomes 



1 

" 2 



(1000000) 



A'BDE'FH 



|llllll)A'BDB'Fir) 



|010101) A , BDE , FH + 1101010) A , 



A'BDE'FH) 
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TABLE VII. Encoding without additional registers 



Step 1. si and ri apply Con c _ >D , 

S2 and ri apply Corig_ >H . 
Step 2. ri and r2 apply Add^^j. 
Step 3. r2, ti and £2 apply Fanout^-_ >L M _ >JV . 
Step 4. ti applies CNOT (Ar ' F) , i 2 applies CNOT (L ' s) . 
Step 5. t<i and T2 apply Rerri£_>j, 

t\ and r-2, apply Remjv->j. 
Step 6. r2 and n apply RemAdd,/_>D.H. 
Step 7. n and s\ apply RerriD_>A, 

ri and S2 apply RemH->E- 



At step 7, n deletes redundant registers D and -ff using 
Removal the same way as in step 5. The state becomes 



I* 



1 



(|0000> A , BB ,, 



11111) 



+-(10110)^^ + 11001) 

A'BE'F) 



IB'E 



We obtain separated EPR-pairs. The first one is owned 
by (si,ti), and the second by {s^^t?). 

In the next subsection, we describe an encoding proto- 
col without additional registers based on the above pro- 
tocol. 



E. Encoding without additional registers 

We now show how to use the result of the previous 
subsection to construct a network coding scheme over 



the network of Fig. [3] (i.e., without additional registers). 
When there are no additional registers, the input state is 

|*o') = \^ + )ab\^ + )cd\^ + )ef\* + )gh\^ + )ij\^ + )kl 



IAIN- 



Suppose that si and apply Con c _ >D , and S2 and t\ 
apply Con^L >H . The state becomes 



= \GHZ) ABD \GHZ) EFH \y + )u\^ 



j KL 



IAIN- 



Compare with state ([T]), the two states are the same if 
we take A = A' and E = E'. Then, if we apply steps 2-7 
as in the previous section, we obtain the state 



1*7') = l*^ 



IAF 



1*^ 



I BE- 



Thus, the only modification we have to make is to re- 
place step 1 in the procedure of the previous subsection. 
The whole procedure for network coding over the net- 
work of Fig. [3] is described as Table IVIII We show the 
corresponding circuit in Fig. 1101 

IV. CONCLUSION 

Our protocol shows that quantum network coding 
techniques are operational using only LOCC and shared 
EPR-pairs between adjacent repeaters (i.e., without ad- 
ditional quantum registers). This method has been de- 
scribed for the butterfly network but can be actually ex- 
tended to other linear network coding schemes on other 
graphs. We expect that this protocol will be a funda- 
mental tool to apply techniques from network coding to 
real quantum repeater networks. 
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FIG. 10. Overall view of the encoding circuit. Parenthetic numbers refer to the state after each step of the encoding procedure 
of Table EH] 
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